The present study investigates an inventory model for non-instantaneous deteriorating items under inflationary conditions with partially backlogged shortages. In today's market structure consumers are looking for goods for which there is a delay in deterioration. At the same time, the consumers' willingness to wait has been decreased over time, which leads to lost sales. Moreover in financial decision-making, the effects of inflation and time value of money cannot be oblivious to an inventory system. In this scenario, managing inventory of goods remains a challenging task for the decision makers, who may also have to rent warehouse under different prevailing factors such as, bulk discount, limited space in the retail outlet, or increasing inflation rates. With a focus on reduction of costs and increasing customer service, warehouse decision models are crucial for an organization's profitability. Hence a mathematical model has been developed in the view of above scenario, in order to determine the optimal policy for the decision maker, by minimizing the present worth of total cost. The optimization procedure has been illustrated by a numerical example and detailed sensitivity analysis of the optimal solution has been performed to showcase the effect of various parameters. Managerial implications has also been presented to aid the decision making process.
Introduction
For every business one of the important questions is how to control and maintain the inventories of items. Often the demand is not anticipatory and thus to prevent the loss of customer base the firm needs to stock a higher inventory, which obviously requires additional storage capacity other than its owned warehouse (OW). The additional storage space required by the organization to store the surplus inventory is called as rented warehouse (RW), which is assumed to be of abundant capacity. The RW is often equipped with the better preserving facilities that reduce the deterioration of goods in comparison to that of OW and hence result in higher holding cost than OW. An early discussion on the effect of two warehouse was considered by Hartely (1976) in which he assumed that the holding cost in rented warehouse (RW) is greater than that in own warehouse (OW), therefore, items in RW are first transferred to OW to meet the demand until the stock level in RW drops to zero and then items in OW are released. In recent years a lot of work has been done in the two-warehouse inventory system. One may refer to the studies of Zhou and Yang (2005) , Lee (2006) , Liang and Zhou (2011) , Hsieh et al. (2008) , Niu and Xie, (2008) , Lee and Hsu (2009) , Jaggi et al. (2011) Yang and Chang (2013) , Chung and Huang (2007) , Liang and Zhou (2011) , Bhunia et al. (2014) and Jaggi et al. (2014) .
Another phenomenon that affects the inventory systems is deterioration. Items in inventory are subjected to several risks such as pilferage, breakage, evaporation and obsolescence. Items such as food items, pharmaceuticals, chemicals, blood, gasoline, and radioactive chemicals, etc. deteriorate rapidly over time. Thus, the loss from deterioration needs to be regarded while deciding the economic order quantity. Ghare and Schrader (1963) presented an EOQ model for deteriorating items assuming exponential decay. Covert and Phillip (1973) extended Ghare and Schrader's (1963) model with the assumption of Weibull distribution deterioration. Further research in this area is summarized by different survey papers Raafat et al. (1991) , Goyal and Giri (2001) and Bakker et al. (2012) .
Models developed in all the above mentioned papers considered that the deterioration of items starts as soon as items arrive in the inventory. However, in reality there are some items which have a longer shelf life and start to perish only after some time (termed as non-instantaneous deteriorating items). This characteristic can be usually observed in almost all food stuffs, fashionable items, electronics products etc. Wu et al. (2006) introduced the phenomenon "non-instantaneous deterioration" and established the optimal replenishment policy for non-instantaneous deteriorating item with stock dependent demand and partial backlogging. Subsequently, many researchers such as Ouyang et al. (2006 Ouyang et al. ( , 2008 , Wu et al. (2009) , , Chang et al. (2010) , Geetha et al. (2010) , Soni et al. (2012) , Kamalabadi (2012a, 2012b) , Shah et al. (2013) , Dye (2013) and Tsao (2014) , have studied the inventory models for non-instantaneous deteriorating items under various conditions. But, before making any investment, understanding of inflation and time value of money is crucial. Inflation brings price rise and decreases real value of money. To get the real estimate of all costs incurred, it is logical to incorporate the net effect of inflation and time value of money. Many authors have developed different inventory models under inflationary conditions with different assumptions. Buzacott (1975) and Misra (1975) were the first to elaborate the significance of inflation and time value of money by developing inventory models with constant inflation rate. Bierman and Thomas (1977) proposed the EOQ model considering the effect of both inflation and time value of money. Misra (1979) first continued the previous work for different inflation rates for various associated costs. Bose (1995) developed a model under inflation and time value of money using Discounted Cash Flow (DCF) approach. Further Jaggi et al. (1997) examined the effect of changing inflation rates and credit policies for non-deteriorating items. Thereafter, several interesting research papers have appeared e.g. Yang et al. (2001) , Sarkar et al.(2000) , Moon and Lee (2000) , Wee and Law (2001) , Yang (2004 Yang ( , 2006 Yang ( , 2012 . Recently, great amount of effort has been put to develop models including different combinations of trade credit, imperfect items, inflation and time value of money e.g. Sarkar and Moon (2011) examined the effect of inflation on imperfect quantity items. Chung et al. (2001) formulated economic replenishment model under the consideration of time discounting. Jaggi et al. (2006) studied the effect of inflation-induced demand on order policies for deteriorating items. Later Jaggi and Khanna (2009) developed retailer's procurement policy under inflationary conditions when the end demand is credit-linked.
Incorporating all the above facts, this paper develops a two-warehouse inventory model for noninstantaneous deteriorating items when shortages are allowed and partially backlogged under inflationary condition and determines the optimal policies by minimizing the present worth of total cost. The optimization procedure has been illustrated by a numerical example and detailed sensitivity analysis of the optimal solution has been performed to showcase the effect of various parameters.
The rest of this paper is organized as follows. Section 2 defines the assumptions and notation used throughout the entire paper. Section 3 provides a formulation of the inventory model. Section 4 discusses the optimality of the objective function. Section 5 proposes an algorithm to find the optimal solutions. Special Cases are discussed in Section 6. Section 7 illustrates the proposed inventory model with numerical examples along-with Sensitivity analysis. Finally, conclusions are made and future research directions are outlined in Section 8.
Assumption and Notations
The mathematical models of the two-warehouse inventory problems are based on the following assumptions:
1. The own warehouse (OW) has a fixed capacity of W units; the rented warehouse (RW) has unlimited capacity. 2. The inventory costs (including holding cost and deterioration cost) in the RW are higher than those in OW. 3. Demand rate is assumed to be deterministic and constant. 4. Replenishment rate is instantaneous. 5. Lead-time is negligible. 6. The planning horizon of the inventory system is infinite. 7. Unsatisfied demand/shortages are allowed and partially backlogged. During the stock-out period, the backlogging rate is variable and is dependent on the length of the waiting time for next replenishment. So that the backlogging rate for the negative inventory is   ; t t depletion of inventory occurs in OW due to the combined effect of demand and deterioration and it reaches to zero at time . 
Fig. 1. Two-warehouse inventory system when d r t t 
Therefore, the differential equations that describe the inventory level in the RW and OW at any time t over the period (0, T) are given by:
The solutions of the above five differential Eqs.
(1-5) with boundary conditions
The number of lost sales at time t is
Considering continuity of   r I t at d t t  , it follows from Eq. (6) and Eq. (7) that
which implies that the maximum inventory level per cycle is
Considering continuity of   0 I t at r t t  it follows from Eq. (8) and Eq. (9) that
Putting t = T in Eq. (10), the maximum amount of demand backlogged per cycle is
Therefore, the order quantity over the replenishment cycle can be determined as ( ) Q Z B T   (Using Eq. (13) and Eq. (15))
The total cost per cycle consists of the following elements: 
When d r t t 
In this case, time during which no deterioration occurs is greater than and equal to the time during which inventory in RW becomes zero and the behavior of the model over the whole cycle   0, T has been graphically represented as in Fig. 2 
Fig. 2. Two-warehouse inventory system when d r t t 
The differential equations that describe the inventory level in the RW and OW at any time t over the period (0, T) are given by:
The solutions of the above four differential Eqs. (17-20) with boundary conditions
Considering continuity of 0 ( ) I t at t = td, it follows from Eq. (22) and Eq. (23) that
Now, at t = 0 when Ir (t) = Z -W and solving Eq. (21) we get the maximum inventory as
Putting t = T in Eq. (24), the maximum amount of demand backlogged per cycle is
Therefore, order quantity is 
H e Wdt e I t dt e I t dt
Therefore, combining the above-mentioned two cases, the present worth of the total relevant cost per unit time during the cycle (0, T) is given by
which is a function of two continuous variable tr and T. where 
Convexity of the Cost function
In this section, we discuss the convexity of the objective function. The necessary conditions for the total cost to be minimum is 
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for i = 1 and 2.
Here D1 and D2 are minors of the Hessian matrix H.
The first and second order derivatives have been calculated and these are very complicated (Appendix 1 -2). Therefore, it is very difficult to prove the convexity mathematically; however the convexity of all the total cost functions has been established graphically (figures 3 -4) with the help of MATLAB. Hence our required optimal solution is a global one.
Solution Procedure
The procedure for finding the economic ordering policy is as follows:
Step ). The policy having minimum total optimal cost is optimal one.
Some Special cases

When W = ∞ i.e. Single Warehouse Case
In this case, the present worth of total cost per unit time given by Eq. (31) reduces to 
When no Shortages are allowed
The present worth of total cost per unit time given by Eq. (31) reduces to 
instantaneous deterioration
Here, the present worth of total cost per unit time given by Eq. (31) reduces to 
When there is no inflation and shortages are fully backlogged
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which is same cost function as obtained by .
Numerical Examples and Sensitivity analysis
In this section, we develop a numerical analysis to validate the model developed. Using the proposed solution procedure, the results are as follows, the optimal length of positive inventory (tr) is 0.903 year, tw is 1.18 year, the optimal cycle length (T) is 1.34 year, the optimal order quantity (Q) is 582.36 units, and the present worth of total optimal cost (TC) is $387.71. Using the proposed solution procedure, the results are as follows, the optimal length of positive inventory (tr) is 0.49 year, tw is 1.03 year, the optimal cycle length (T) is 1.15year, the optimal order quantity (Q) is 532.03 units, and the total optimal profit (TP) is $338.03. Further, the sensitivity analysis of optimal solution w.r.t. major parameters inflation (R) and deterioration (α and β), non deteriorating period (td) and backlogging rate (δ) has been shown in Tables 1 -3, respectively. 
Managerial Implications:
 It is observed from Table 1 that for any fixed value of R (net rate of inflation), as the deterioration rate (α or β) increases at either warehouse then there is significant increase in present worth of total optimal cost (TC) & decrease in order quantity (Q) because a rise in deterioration rate (α or β) causes an increase in the cost of deteriorated units, which ultimately increase the total cost.
Also, for constant level of deterioration rate (α or β) at either warehouse, an increase in net rate of inflation (R) increases the order quantity (Q) and present worth of total optimal cost (TC). Analysis on R shows that the influence of inflation should be considered even if it is small. In order to achieve higher sales during inflationary conditions, the retailer should order more for a longer period of time.
It shows that as deterioration increases one should order less while if the inflation increases, one should order more. Hence the present analysis assists the decision maker in taking optimal decision under such non-reciprocal situations.
 From Table 2 it is observed that as non deteriorating period (td) increases, the deterioration cost will decrease significantly and hence the present worth of total optimal cost (TC) will also decreases, but the cycle length (T) and the order quantity (Q) decreases. This shows the importance of non instantaneous deterioration on the decision making of optimal policy. Further, when td = 0 i.e. deterioration is instantaneous; we observe that the deterioration cost increases as compared to the non instantaneous deterioration case. Hence the present model of non instantaneous deteriorating items is very much useful in reducing the present worth of total cost (TC).
 Table 3 clearly shows that there is decrease in present worth of total optimal cost (TC) and increases in optimal cycle length (T) and order quantity (Q) with the decrease in backlogging parameter (δ). As increasing the backlogging rate implies enhance in backlogged demand, thereby increasing the order quantity, but at the same time the initial inventory for the cycle decreases, which decreases the holding cost, in due course drop off present worth of total optimal cost (TC). So it is advisable that when the backlogging rate is more, the decision maker should order a larger quantity in order to satisfy the backlogged demand.
Conclusion and Future Scope
In this study, a two-warehouse inventory model for non-instantaneous deteriorating items with deterministic demand under inflationary condition has been developed. Shortages are allowed and partially backlogged. The deterioration rate in OW is assumed to be higher than in RW, and the holding cost in RW is greater than that in OW because of the better storage facilities provided in RW. The items stored have the property of non-instantaneous deterioration. A mathematical model has been developed to determine the optimal ordering policy which minimizes the present worth of total optimal cost. The two considered phenomena viz., deterioration and inflation play opposite roles in the decision making process. While deterioration suggests one to order a smaller lot; high inflation recommends ordering more. Thus the model proves to be a decisive tool for the decision maker in such a contrasting scenario. The study concludes with numerical examples and sensitivity analysis so as to provide some important managerial implications. For future research, the present model can be formulated by considering permissible delay in payments, and two-level trade credit policy also can be incorporated. To be more realistic, the model can be extended with different types of variable demand such as stock-dependent demand, credit linked demand and advertisement dependent demand, etc. For Case1, the sufficient conditions for minimizing the total cost are given by 
